Abstract. We consider the boundary-value problem for the steady isothermal flow of an incompressible viscoelastic liquid of Oldroyd type in a bounded domain with a Navier type slip boundary condition. We prove that under some restrictions on the material constants and the data, there exists a strong solution which is locally unique. The proof is based on a fixed point argument in which the boundary-value problem is decomposed into a transport equation and a Stokes system.
Introduction
The models of viscoelastic fluids formulated by Oldroyd [1,2] (see [3] [4] [5] for alternative derivations and perspectives), especially the Oldroyd-B model, have been studied by several mathematicians since the pioneering work of Renardy [6] and Guillopé and Saut [7] [8] [9] [10] . Many results regarding the well-posedness of boundary-value problems and initial-boundary-value problems for flows of liquids described by these and related non-Newtonian models have been established; see and the references therein. These results deal with time-dependent or steady flows of compressible or incompressible fluids in bounded, unbounded, exterior or thin domains, in two or three dimensions, under various restrictions on the material constants and other data. A variety of numerical methods for the simulation of such flows have also been developed; see, e.g., [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] .
Many of the numerical studies with Oldroyd type models focus on the stick-slip problem that arises in the extrusion of polymer melts, where there is an abrupt transition from the no-slip boundary condition at the solid surface of the die to the shear-free slip boundary condition at the free surface of the extrudate and a resulting stress singularity. A similar stress singularity occurs at contact lines in free surface problems. In both problems, the stress singularity can be alleviated by applying a partial slip boundary condition (such as Navier's slip law) at the solid surface (see, e.g., [62] [63] [64] ). Moreover, there has been an extensive experimental and theoretical investigation of the presence and role of wall slip (or apparent wall slip) in the onset of flow instabilities (spurt) and surface defects (melt fracture and sharkskin) in polymer extrusion processes (see [65, 66] and [67, Section 11.5.4]) and errors in experimental methods for molten polymers [67, Chapter 10]. These phenomena have much practical importance but are complex and only partly understood despite the large amount of work (see the references in [65] [66] [67] ) devoted to the measurement, modeling and simulation of it.
On the other hand, the published well-posedness results for flows of Oldroyd type fluids, including those of , are concerned with flows in fixed domains and assume that there is no wall slip. To our knowledge, there is at present no well-posedness result for the die-swell free surface problem of an Oldroyd type fluid with partial slip at the solid surface. In fact, the much simpler problem of the flow in a fixed domain with partial wall slip has apparently not been addressed. The aim of the present article is to consider such a problem. For the sake of simplicity we consider flows with the Navier slip boundary condition, but the method of proof-which is based on the decomposition of the problem into a transport 336 C. Le Roux JMFM equation for the extra-stress and a Stokes system for the velocity and pressure-can be adapted to nonlinear slip boundary conditions such as those employed in [68] [69] [70] [71] , where the tangential traction is a non-monotone function of the slip velocity. The outline of the paper is as follows. First we formulate the boundary-value problem (Sect. 1.1) and state our main result (Sect. 1.2). Then we define the notation (Sect. 2) and establish some auxiliary results (Sect. 3). Thereafter we prove Theorem 1 and indicate how it can be extended to problems with non-linear slip boundary conditions (Sect. 4). Lastly, we show that the solution is locally unique (Sect. 5).
Problem Formulation
We consider a class of rate type models of homogeneous incompressible viscoelastic liquids, which we call Oldroyd type fluids. The Cauchy stress tensor is given by T = −pI + S, wherep is the pressure and S is the extra-stress, which satisfies the equation
Here Ω is the flow domain and D a /Dt denotes the objective time derivative
where a ∈ [−1, 1] and
The material constants μ 0 , λ 1 and λ 2 are the viscosity coefficient, the stress relaxation time and the retardation time, respectively. We assume that 0 < μ 0 , 0 < λ 2 < λ 1 .
(1.5)
The special case of the derivative (1.2) with a = 1 (a = 0, a = −1, resp.) is called the upper convected (corotational, lower convected, resp.) derivative and an Oldroyd type fluid with a = 1 (a = −1, resp.) is called an Oldroyd-B (Oldroyd-A, resp.) fluid. An Oldroyd-B fluid with λ 2 = 0 is known as a Maxwell fluid; with 0 < λ 2 < λ 1 it is known as a Jeffreys fluid. In fact, Eq. (1.1) can be written as the Maxwell type equationÊ 6) whereÊ := S − 2μ n D is the "elastic part" of the extra-stress, and μ n := μ 0 λ 2 /λ 1 and μ e := μ 0 (1 − λ 2 /λ 1 ) are the so-called Newtonian and elastic viscosity coefficients, respectively. With this notation, the conservation of linear momentum for a steady flow becomes
where ρ is the density and f is the body force per unit mass. Furthermore, since the fluid is incompressible and the density is constant, the conservation of mass reduces to div v = 0 in Ω.
(1.8)
We assume that the boundary, Γ, of Ω is impermeable. Thus v · n = 0 on Γ, (1.9)
where n denotes the outward unit normal vector. Moreover, we assume that the liquid-solid interaction is governed by Navier's slip condition,
[(Ê + 2μ n D)n] τ +K(v − w) = 0 on Γ, (1.10)
